
Math 401 Exam III

Real Analysis (Spring 18)

Name:

Must read: Organize your work in a reasonably neat and coherent way, in the space provided.
Please, be precise and careful with your notation. You will be graded on the correctness of your
proof structure, the logic and mathematical accuracy of your arguments, the coherency of the stream
of ideas and on the clarity of your presentation. Work scattered all over the page without explicit
ordering will receive very little credit. Mysterious or unsupported answers will get no credit. Practice
intellectual honesty and integrity by not attempting to obscure a proof or a computation if you are
either stuck, or it is unclear to you how to make your arguments as transparent as possible.
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Part I: (36 points) Attempt every problem here

1. Give the formal definition (ε-M criterion) for the following limn→∞ xn =∞.

2. True or false: a sequence which is properly divergent must be unbounded.

3. Give an example of a sequence which is unbounded and not properly divergent.

4. Give an example of a sequence which is divergent but not properly divergent

5. Give the formal definition of a cluster point c for the set A.

6. Give the formal definition of an isolated point.

7. Give an example of a set with no cluster point.

8. Give an example of a set having only for cluster point the real number 1.

9. State the ε-δ criterion for limits of functions.

10. Write down the definition of the following: f is continuous at c.
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11. Write down in precise terms the negation of Part 9.

12. State the sequential criterion for limits of functions.

13. State the sequential criterion for continuous function.

14. Give an example of two functions failing to be continuous at 1 however, their sum is continuous at 1.

15. True or false: There exists δ > 0 such that whenever x ∈ Vδ (0) then, it follows that |cos (x)− 1| < 10−5.
Please, justify.

16. True or false: There exists a continuous function which is equal to zero at every rational point but not equal
to zero at some irrational point. Please, justify

17. Give an example of a function which is defined at 1 has a limit at 1 but is not continuous at 1. Please, state
precisely the domain and codomain of your function.

18. Given

f (x) =


sinx

|x|
x 6= 0

1 x = 0
and g (x) =


∣∣∣∣sinxx

∣∣∣∣ x 6= 0

1 x = 0

answer the following questions and briefly justify your answers.

(a) Is f is continuous at zero?

(b) Is g continuous at zero?
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Part II: (48 points) Answer six questions out of the following list)

1. Establish that the sequence

(
n2

n+ 1

)
n∈N

is properly divergent.

2. Using the ε-δ criterion, prove that limx→1 x
2 + 1 = 2.
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3. Establish that the sequence (n sinn)n∈N is not properly divergent.

4. Prove (using the the ε-δ criterion) that if limx→c f (x) = L and limx→c g (x) = M then limx→c f (x)+2g (x) =
L+ 2M.

5. Compute the following limits and show every step (Do not use L’Hospital’s Rule) limx→1

√
x− 1

x− 1

6. Given f (x) = cos

(
1

x

)
, prove that limx→0 f (x) does not exist.
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7. Given g (x) = x cos

(
1

ex

)
, prove that limx→0 g (x) = 0.

8. Given f : R→ R such that f (x) = x2, prove that f is continuous at 1.
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