
Math 401 Exam II

Real Analysis (Spring 18)

Name:

Must read: Organize your work in a reasonably neat and coherent way,
in the space provided. Please, be precise and careful with your nota-
tion. You will be graded on the correctness of your proof structure, the
logic and mathematical accuracy of your arguments, the coherency of
the stream of ideas and on the clarity of your presentation. Work scat-
tered all over the page without explicit ordering will receive very little
credit. Mysterious or unsupported answers will get no credit. Practice
intellectual honesty and integrity by not attempting to obscure a proof
or a computation if you are either stuck, or it is unclear to you how to
make your arguments as transparent as possible.
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Part I: Attempt every problem here: there are six problems in this Part.

Problem 1 Complete the following table

limn→∞

√
n− 4√
n+ 4

= limn→∞ n3/n =

limn→∞
cos (n)

n2
= limn→∞ sin

(
1
n

)
=

Problem 2

1. Write down in precise terms, the ε-N criteria corresponding to the following statement:
(xn)n∈N is convergent to some real number x.

2. Write down in precise terms the definition of a bounded sequence.

3. Write down in precise terms the definition of an unbounded sequence.

4. Write down the precise definition corresponding to the following statement: (xn)n∈N is
a decreasing sequence.

5. Write down the formal definition of a Cauchy sequence
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Problem 3

1. State the Monotone Convergence Theorem.

2. Give an example of a bounded sequence which is not monotone.

3. Give an example of a unbounded sequence which is decreasing.

4. State the precise definition of a subsequence and give an example of an unbounded
sequence admitting a convergent subsequence.

5. Give an example of sequence which is not Cauchy and justify your answer.

6. Give an example of a sequence (xn)n∈N satisfying all of the following conditions

(a) (xn)n∈N has a subsequence converging to
√
2

(b) (xn)n∈N has a subsequence converging to 1.

3



Problem 4

1. Give an example of two sequences (xn)n∈N and (yn)n∈N which are divergent but (xn + yn)n∈N
is convergent

2. Give an example of two sequences (xn)n∈N and (yn)n∈N which are divergent but (xn + yn)n∈N
is divergent to ∞.

3. Give an example of two sequences (xn)n∈N and (yn)n∈N which are divergent but (xn · yn)n∈N
is convergent to 0.

4. Write down two sequences (sn)n∈N and (rn)n∈N such that limn→∞ sn = 0 and limn→∞ rn =

0 and

(
sn
rn

)
n∈N

is divergent.
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Part II: Attempt six problems out of the list below

Problem 5 Use the ε-N criteria to prove formally that limn→∞
n+ 1

n
= 1.

Problem 6 Use the ε-N criteria to prove formally that limn→∞
(−1)n

n2
= 0.
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Problem 7 Let (xn)n∈N be a sequence given by xn = n2 for every natural number n.

1. Using the Archimedean Property, prove that (xn)n∈N is an unbounded sequence.

2. Conclude that (xn)n∈N must be divergent. You must clearly justify your arguments.
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Problem 8 Let (xn)n∈N be a sequence defined recursively as follows x1 = 2 and xn+1 =
√
xn.

1. Complete the following table

x2 =

x3 =

2. Prove by induction that ∀n ∈ N, |xn| ≤ 2.

3. Prove by induction that (xn)n∈N is a monotone sequence.

4. Conclude that (xn)n∈N is convergent and find its limit.
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Problem 9 Using the ε-N criteria, prove that if limn→∞ xn = x and limn→∞ yn = y
then limn→∞ xn + yn = x+ y.

Problem 10 Using the ε-N criteria, prove that limn→∞
√
n+ 4−

√
n = 0.

Problem 11 Using the ε-N criteria, prove that if limn→∞ xn = x then limn→∞ |xn| = |x|.
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Problem 12 Let (xn)n∈N be a sequence given by

xn =
cos (n)

cos (n) + 1
.

Prove that (xn)n∈N admits a convergent subsequence

Problem 13 Using the formal definition of a Cauchy sequence, prove that
(
n+1
n

)∞
n=1

is a
Cauchy sequence
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