
Math 401 Exam I

Real Analysis (Spring 18)

Name:

Must read: Organize your work in a reasonably neat and coherent way, in the space provided.
Please, be precise and careful with your notation. You will be graded on the correctness of your
proof structure, the logic and mathematical accuracy of your arguments, the coherency of the stream
of ideas and on the clarity of your presentation. Work scattered all over the page without explicit
ordering will receive very little credit. Mysterious or unsupported answers will get no credit. Practice
intellectual honesty and integrity by not attempting to obscure a proof or a computation if you are
either stuck, or it is unclear to you how to make your arguments as transparent as possible.
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Part I: Answer all three questions from the set below

1. (a) Clearly state the Well-Ordering Proprerty of the naturals.

(b) State the Trichotomy Property

(c) Write down in complete and precise terms the definition of the ε-neighborhood of a fixed real number
a.

(d) Write two statements which are logically equivalent to the following statement: x ∈ Vε (a) .

(e) Clearly state the Completeness Property of the reals.

(f) Write down in complete and precise terms two definitions of the absolute value of a real number.

(g) Clearly state the Triangle Inequality.

(h) Negate the following statement: For every x, y ∈ R there exists z > y such that if x < y then x2 ≤ z+1.

(i) State the Archimedean Property

(j) State the Density Theorem of the rationals.

2



2. Complete the following table. For this problem, you do not need to show work.

S maxS minS supS inf S[
1
2 ,
√

5
)

[
1
2 ,
√

5
)
∩Q

{x ∈ R : (x− 1) (x+ 1) ≤ 0}

{
(−1)n

n2
: n ∈ N

}
{

1 + n

n
: n ∈ N

}
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3. Simply answer the following questions. No explanation is required.

(a) Find two rational numbers x and y such that xy is irrational.

(b) Find two irrational numbers whose sum is rational.

(c) Find a nonempty subset S of R such that maxS,minS, inf S, supS are all undefined.

(d) Find two sets X,Y such that X ⊂ Y and inf X is not an element of Y.

(e) Find a set of irrational number having an infimum which is rational.

(f) Find a nonempty subset of the reals whose infimum and supremum coincides.
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Part II: Answer exactly 8 questions from the following set of questions. Please, circle the questions
that you want me to grade and cross out those you did not select.

1. Prove that if x ∈ R then
√
x2 = |x| .

2. If x, y ∈ R, prove that if |x+ y| = |x|+ |y| then xy ≥ 0.
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3. By clearly stating the algebraic properties and/or previously established theorems that you are appealing
to, prove that (−1) a = −a for every real number a.

4. Use mathematical induction to prove that 7n − 2n is a multiple of five for every natural number n ∈ N.
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5. Prove that for any given real numbers x, y ∈ R, the following holds true ||x| − |y|| ≤ |x− y| .

6. Let X =

{
1

k
: k ∈ N

}
.

(a) Prove that 0 is a lower bound for X

(b) Prove that no other lower bound of X is greater than zero and conclude that 0 = inf X
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7. Let X be a nonempty subset of the real numbers which is bounded above.

(a) Why can we assert that the supremum of X exists as a real number?

(b) Let x = sup (X) ∈ R. Prove that there is an element y in X such that x− 1 < y ≤ x.

8. Using the the Archimedean property, prove that N has no supremum.
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9. Let x be a real number. Prove that if |x| < ε for each ε > 0, if and only if x = 0.

10. Prove by contradiction that If n is natural number then
n

n+ 1
>

n

n+ 2
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