
 

 



 

 



 

 

Homework sets  

 



In-class activities for Sections 3.1 and 3.2

1. Let (xn)n∈N be a sequence of real numbers.

(a) Write down in precise terms, the definition corresponding to the following statement:
(xn)n∈N is convergent to some real number x.

(b) Write down in precise terms, the ε-N criteria corresponding to the following statement:
(xn)n∈N is convergent to some real number x.

(c) Write down in precise terms the ε-N criteria corresponding to the following statement:
(xn)n∈N is not convergent to some real number x

2. Use the ε-N criteria to prove formally that limn→∞
n+1
n

= 1.

3. Use the ε-N criteria to prove formally that limn→∞
n+1
n2+1

= 0.

4. Use the ε-N criteria to prove formally that limn→∞ 1 + (−1)n
n

= 1.

5. (a) Write down in very precise terms the definition of a bounded sequence.

(b) Give a concrete example of a sequence which is bounded and prove that indeed, the given
sequence is bounded.

(c) Write down in very precise terms the definition of an unbounded sequence.

(d) Give an example of a sequence which is unbounded and prove your claim.

(e) Is it true that if a sequence is convergent then it must be bounded? Is the converse of this
statement true?

(f) Give two (non-similar) examples of sequences which are bounded and divergent.

6. Using the ε-N criteria, prove that limn→∞ xn = x ⇒ limn→∞ |xn| = |x| and show that the
converse of the above is not true.

7. Consider sequences (sn)n∈N and (rn)n∈N such that limn→∞ sn = 1 and limn→∞ rn = 2. Using
the ε-N criteria, prove that that limn→∞ 2sn + rn = 4.

8. Prove that the sequence (−1)n n2 is not convergent

9. (a) Write down two sequences (sn)n∈N and (rn)n∈N such that limn→∞ sn = 0 and limn→∞ rn = 0

and limn→∞
sn
rn

= 0.

(b) Write down two sequences (sn)n∈N and (rn)n∈N such that limn→∞ sn = 0 and limn→∞ rn = 0

and limn→∞
sn
rn

= 1.

(c) Write down two sequences (sn)n∈N and (rn)n∈N such that limn→∞ sn = 0 and limn→∞ rn = 0

and

(
sn
rn

)
n∈N

is divergent.

10. Use the Squeeze Theorem to prove that limn→∞
cos (n)

n
= 0

1



Section 3.3 Monotone sequences
MATH 401 Fall, 2017

Problem 1 1. Write down the precise de�nition corresponding to the following state-
ment: (xn)n2N is an increasing sequence

2. Write down the precise de�nition corresponding to the following statement: (xn)n2N is
a decreasing sequence

3. Write down the precise de�nition of a monotone sequence

4. Give an example of an increasing sequence

5. Give an example of a decreasing sequence

6. Give an example of a sequence which is not monotonic

7. Give an example of a convergent sequence which is monotonic

8. Give an example of a divergent sequence which is monotonic

9. Give an example of a bounded sequence which is increasing

10. Give an example of a bounded sequence which is decreasing

Problem 2 1. State the Monotone Convergence Theorem

2. Prove or disprove that the converse of the Monotone Convergence Theorem holds.

Problem 3 Let (xn)n2N be a sequence given by

x1 = 8 and xn+1 =
1

2
xn + 2 for n 2 N:

Prove that (xn)n2N is bounded and monotone, and �nd its limit.
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In-Class Activities: Subsequences and the
Bolzano-Weierstrass Theorem

Problem 1

1. State the precise definition of a subsequence and give an example of an unbounded sequence admit-
ting a convergent subsequence.

2. Give an example of a sequence which admits two subsequences converging to two different limits.
Is the given sequence convergent? Give an example of a sequence which admits three subsequences
converging to three different limits. Is the given sequence convergent?

3. Give an example of a sequence (xn)n∈N satisfying all of the following conditions

(a) (xn)n∈N has a subsequence converging to 1

(b) (xn)n∈N has a subsequence converging to 2.

Problem 2

1. Is it true that every sequence has a monotonic sequence? Find a monotonic subsequence for the
following sequence (

1 +
(−1)n

n

)
n∈N

.

2. State the Bolzano-Weierstrass Theorem. What is this theorem useful for?

3. Let (xn)n∈N be a sequence given by

xn =
nn

nn + 1
.

Prove that (xn)n∈N admits a convergent subsequence
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