
14.4 Differentiability and Tangent Planes

As a starting point, we consider the following multivariable function

z = f (x, y) = x2 + y2.

Let us consider A = (1, 1, 2) which is a point on the graph of the function z = f (x, y) .

1. Verify that
∂ f
∂x

(x, y) = 2x and
∂ f
∂y

(x, y) = 2y.

2. Find a parametrization of the curve C1 where the plane x = 1 intersects the graph
of f .
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3. Find the equation of the line (T1) tangent to the curve C1 passing through (1, 1, 2) .

4. Find a parametrization of the curve C2 where the plane y = 1 intersects the graph
of f .

5. Find the equation of the line (T2) tangent to the curve C2 passing through (1, 1, 2) .

6. Find the equation of the unique plane P which contains T1 and T2. What can you
say about this plane?
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One of the most important ideas in single variable-calculus is that as we zoom in
toward a point on the graph of a differentiable function, the graph becomes indistin-
guishable from its tangent line, and we are then able to approximate the function by a
linear function (a line).

Theorem 1 Suppose that a surface S has equation z = f (x, y) where f has continuous
first partial derivatives. An equation of the tangent plane to the surface z = f (x, y) at
the point (a, b, f (a, b)) is given by

z− f (a, b) =
∂ f (a, b)

∂x
(x− a) +

∂ f (a, b)
∂y

(y− b)

Exercise 2 Justify why the theorem above holds.
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Exercise 3 Find the tangent plane to the elliptic paraboloid

z = e−(x2+y2)

at the point
(
1, 1, e−2) .
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Definition 4 Extending our intuitive definition of differentiability in higher dimensional
settings, we shall say that as we zoom in toward a point on the surface of a function f , f
is differentiable at the given point if the following holds true. The surface looks more and
more like the tangent plane to the surface at the given point. In other words, a bivariate
function f is differentiable if it can be locally approximated by its tangent plane.

Remark 5 We have defined tangent planes for surfaces

z = f (x, y)

where f has continuous first partial derivatives. So, what happens if the first partial
derivatives are not continuous?

Exercise 6

f (x, y) =


xy

x2 + y2 if (x, y) 6= (0, 0)

0 if (x, y) = (0, 0)

1. What is the domain of f ?

2. Based on the graph of the surface above, can you assert that f is differentiable at (0, 0)?

3. Verify that the partial derivatives exist at the origin

4. Verify that fx and fy are not continuous.
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Given a function of two variables

z = f (x, y)

we define the corresponding increment of z as

∆z = f (a + ∆x, b + ∆y)− f (a, b) .

Here ∆z represents the change in the value of f when (x, y) changes from (a, b) to
(a + ∆x, b + ∆y) . Next by analogy to differentiability in the one variable settings, we
introduce the following

Definition 7 If z = f (x, y) , then f is differentiable at (a, b) if ∆z can be expressed in
the form

∆z =
∂ f (a, b)

∂x
∆x +

∂ f (a, b)
∂y

∆y + ε1∆x + ε2∆y

where ε1 → 0 and ε2 → 0 as (∆x, ∆y)→ (0, 0) . In other words, a differentiable function
is one for which the linear approximation is a good approximation when (x, y) is near
(a, b) .

It is often hard to use the definition above to check the differentiability of a function.
The following theorem provides a convenient sufficient condition of differentiability.

Theorem 8 If the first order partial derivatives

∂ f (x, y)
∂x

and
∂ f (x, y)

∂y

exist and are continuous on an open disk D, then f (x, y) is differentiable on D.

Exercise 9 Justify why a polynomial in two variables is a differentiable function
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