
14.2 Limits and Continuity in Several Variables

As a toy example, let us start by comparing the behavior of the functions

f (x, y) =
sin
(
x2 + y2)

x2 + y2

(x, y, f (x, y))
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and

g (x, y) =
x2 − y2

x2 + y2

as (x, y) gets closer to (0, 0) .

(x, y, g(x, y))

Exercise 1 From the tables above, can you make a conjecture?
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In general, we use the notation

lim
(x,y)→(a,b)

f (x, y) = L

to indicate that the values of f (x, y) approach the real number L as the point (x, y)
approaches the point (a, b) along any path that stays within the domain of f . In other
words, we can make the values of f (x, y) as close to L as we like by ensuring that the
point (x, y) is sufficiently close to the point (a, b) ∈ R2 but not equal to (a, b)

Definition 2 We say that
lim

(x,y)→(a,b)
f (x, y) = L

if for every ε > 0 there exists δ > 0 such that if (x, y) ∈ D and

0 <

√
(x− a)2 + (y− b)2 < δ

then
| f (x, y)− L| < ε.

Exercise 3 Provide an illustration below for Definition 2

3



Recall that for functions of a single variable, when we let x approach a there are only
two possible directions of approach. From left or from right. Moreover, if

lim
x→a−

f (x) 6= lim
x→a+

f (x)

then
lim
x→a

f (x)

does not exist.
For functions of two variables, the situation is not as simple because we can let (x, y)

approach (a, b) from an infinite number of directions in any manner whatsoever.

Remark 4 According to our previous definition,

lim
(x,y)→(a,b)

f (x, y) = L

if and only if the distance between f (x, y) and L can be made arbitrarily small by making
the distance between (x, y) and (a, b) sufficiently small (but not equal to zero). Thus this
definition refers only to distance and does not take into account the direction of approach.
Thus, if the limit exists, then f (x, y) must approach the same limit no matter how (x, y)
approaches (a, b) .

Exercise 5 Explain in your own words what Remark 4 means
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Theorem 6 If we can find two different paths of approach along which the function
f (x, y) has different limits, then it follows that

lim
(x,y)→(a,b)

f (x, y)

does not exist.

Exercise 7 For a fixed point (0, 0) on the plane, find a two distinct parametric curves joining
the point of coordinates (1, 1) to the origin of the plane. If

lim
(x,y)→(0,0)

f (x, y) = 1

What can you say about the behavior of the function f along the curves that you have
described.
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Exercise 8 Show that

lim
(x,y)→(0,0)

x2 − y2

x2 + y2

does not exist.

Solution
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Exercise 9 Show that

lim
(x,y)→(0,0)

sin
(
x2 + y2)

x2 + y2 = 1.

Solution
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Exercise 10 If
f (x, y) =

xy
x2 + y2

does
lim

(x,y)→(0,0)

xy
x2 + y2

exist?

Solution
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Exercise 11 Find

lim
(x,y)→(0,0)

xy2

x2 + y4

Solution
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Exercise 12 Find

lim
(x,y,z)→(0,0,0)

xy + yz2 + xz2

x2 + y2 + z2

Solution
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Definition 13 A function of two variables is called continuous at (a, b) if

lim
(x,y)→(a,b)

f (x, y) = f (a, b) . (1)

We say that f is continuous on its domain D if it is continuous at every point (a, b) in D.
The intuitive meaning of continuity is the following. A small change in (x, y) amounts to
a small change in the value of f (x, y) .

Definition 14 A polynomial function of two variables is a sum of finite terms of the
form cxmym where c is a constant and m and n are nonnegative integers. A rational
function is a ratio of polynomials.

Theorem 15 The following holds true.

1. A polynomial in two variables in continuous on R2.

2. A rational function is continuous on its domain.

Question Explain why the contour plot of a function f as shown above indicates that
the given unknown function f is not a polynomial (but more like a rational function of
two variables.)
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Exercise 16 Find the largest set on which the function

f (x, y) = x2y3 + 2xy + 1

is continuous.

Exercise 17 Find the largest set on which the function

g (x, y) =
2xy + 1
x2 + y2

is continuous.
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Exercise 18 Where is the function

f (x, y) = arctan
(y

x

)
continuous?
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Exercise 19 Explain why the function

f (x, y, z) = ‖〈x, y, z〉‖2

is continuous. Next describe the set of all points (x, y, z) such that f (x, y, z) is less than
or equal to 1.
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1 Addendum

For some of you who are interested in learning about the Computer Algebra Mathe-
matica, you might for example want to know how to plot a function such as f (x, y) =
exp(−x2− y2) cos(x + y) in Mathematica. Here is a screen shot containing the command
lines for this example.

If you are interested in the contour plot of the function, type the following lines.
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