
14.3 Partial Derivatives

On a hot day, extreme humidity makes us think the temperature is higher than it
really is, whereas in the very dry air we perceive the temperature to be lower than the
thermometer indicates.

The National Weather Service has devised the heat index (also known as the temperature-
humidity index, or humidex) to describe the combined effects of temperature and hu-
midity.

The heat index I is the perceived air temperature when the actual temperature is T
and the relative humidity is H. So I is a function of T and H and we shall write

I = f (T, H) .

According to the National Weather Service, the heat index at 90◦F and relative hu-
midity of 50% is given by

I (90◦F, 50%) = 96◦F.

Let us consider the following table.

Taken from the textbook of James Stewart

If we focus on the highlighted column of the table which corresponds to a relative hu-
midity of H = 70%, we are considering the heat index as a function of a single variable T
for a fixed value of H. Let g (T) = f (T, 70) . In other words, g (T) describes how the heat
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index I increases as the temperature is increasing when the relative humidity is fixed at
70%. As such, the derivative of g when T = 96 is the rate of change of I with respect to
the temperature T when T = 96.

Exercise 1 Answer the following questions.

1. Write g′ (96) as the limit of a function involving g.

2. Write g′ (96) as the limit of a function involving f

3. Using the table above, find an approximation for g′ (96) . What is your interpretation of
the value obtained for g′ (96)?

2



In general, if f is a function of two variables x and y, suppose we let only x vary
while keeping y fixed. Let us say for example that y = b and b is a constant. In these
settings, we are considering a function of a single variable x. Namely,

g(x) = f (x, b)

If g has a derivative at a, then we call it the partial derivative of f with respect to x at
(a, b) and denote it by fx(a, b). In other words,

fx (a, b) = g′ (a)

Definition 2 Let f be a function of two variables x, y. The partial derivative of f with
respect to x at (x, y) is given by

fx (x, y) = lim
h→0

f (x + h, y)− f (x, y)
h

Similarly, the partial derivative of f with respect to y at (a, b) is given by

fy (x, y) = lim
h→0

f (x, y + h)− f (x, y)
h

Notation 3 There are many alternative and convenient notations for partial derivatives. We
shall list the most common ones below

Dx = fx (x, y) = fx =
∂ f
∂x

=
∂ f
∂x

(x, y)

Dy = fy (x, y) = fy =
∂ f
∂y

=
∂ f
∂y

(x, y)

The symbols
∂

∂y
or

∂

∂x

are called the partial derivative operators.

• To find the partial derivative fx, we regard y as a constant and we differentiate
f (x, y) with respect to x.

• To find the partial derivative fy we shall regard x as a constant and we dif-
ferentiate f (x, y) with respect to y.
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Exercise 4 Given
f (x, y) = x3 + x2y3 − 2y2

find
fx (2, 1) and fy (2, 1) .
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Exercise 5 Provide geometric interpretations of the partial derivatives of a given function.
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Exercise 6 Let
f (x, y) = 4− x2 − 2y2.

Find fx (1, 1) and fy (1, 1) and interpret these numbers as slopes.
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If f is a function of two variables, then its partial derivatives are also functions of two
variables. As such we can then consider their partial derivatives as well. Such functions
are coined second partial derivatives. Complete the following

( fx)x =

( fx)y =

(
fy
)

x =

(
fy
)

y =
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The wave equation
∂2u
∂t2 = a2 ∂2u

∂x2

describes the motion of a waveform, which could be an ocean wave or a sound
wave, or a wave traveling along a vibrating string. For example if u (x, t) represents
the displacement of a vibrating violin string at time t and at a distance x from one
end of the string, then u (x, t) satisfies the wave equation. Here the constant a
depends on the density of the string and one the tension of the string.

Exercise 7 Verify that u (x, t) = sin (x− at) satisfies the wave equation.
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Exercise 8 Find the second partial derivatives of

f (x, y) = x3 + x2y3 − 2y2

What do you notice about fxy and fyx? Is this a coincidence?

Theorem 9 (Claireaut’s Theorem) Suppose that f is defined on a disk D that contains the
point (a, b) . If the functions fxy and fyx are both continuous on D then

fxy (a, b) = fyx (a, b)

a

aIf you are interested in participating in participating in Math Chat, a possibility would be to
present a proof of Claireaut’s Theorem.
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