
Section 3.3 The zeroes of Polynomial functions

De�nition: A complex polynomial is a polynomial with complex coe¢ cient.
For example p(x) = (2 + i)x2 � 3x� i is a complex polynomial.

1. The fundamental theorem of Algebra: Every complex polynomial of
degree bigger or equal than 1 has at least one complex zero

2. If p(x) is a polynomial of degree n � 1; then p can be written as a product
of n linear complex factors. For example, p(x) = x2+1 = (x+ i) (x� i).

3. Given a polynomial, we say c is a zero of multiplicity m if and only if
the factor (x� c) occurs m when factoring the polynomial

4. The intermediate value theorem. Given a polynomial with real coef-
�cients, if P (a) ; and P (b) have opposite sign, then there is a zero for the
polynomial P between the values a; and b:

5. The Rational zeroes theorem. Let P (x) be a polynomial. Possible
rational zeroes of the polynomial P are of the form p

q such that p is a divisor
of the leading coe¢ cient and q is a divisor of the constant coe¢ cient.

6. Test to determine if �1 is a zero of P: If the sum of all the coe¢ cient
is zero, then 1 is a zero and (x� 1) is a factor. After changing the sign of
all the odd degree, if the sum of the coe¢ cient is zero, then �1 is a zero,
and x+ 1 is a factor.

Section 3.4 Graphing polynomials functions

Graphs and turning points

1. If p(x) is a polynomial of degree n then p has n turning points

2. If the graph of a polynomial has n� 1 turning points, then the degree of
p(x) is at least n.

End behavior of a polynomial graph
Assume p(x) is a polynomial of degree n with leading coe¢ cient a: In other

words, the �rst term of the polynomial is axn

1. If a is positive, and n is even, the end behavior is upward at �1 and
upward at 1

2. If a is negative, and n is even, the end behavior is downward at �1 and
downward at 1

3. If a is positive, and n is odd, the end behavior is downward at �1 and
upward at 1

4. If a is negative, and n is odd, the end behavior is upward at �1 and
downward at 1:
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Polynomial graphs and zeroes of multiplicity
Assume p(x) is a polynomial and c is zero of multiplicity m: In other words,

(x� c)m is a factor for p(x):

1. If m is odd, the graph will cross the x axis

2. If m is even, the graph will touch the x axis at the point (c; 0) and turn
around.
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Section 3.5 (Graphing Rational Functions)

De�nition 1 A rational function q(x) is a function of the form

q(x) =
n(x)

d(x)

such that n; and d are polynomials and d(x) 6= 0

Asymptotes

1. Horizontal Asympotes: If the graph of a function is getting closer and
closer to a horizontal line y = b; as the graph of the function is approaching
in�nity, we say y = b is a horizontal asymptote for the graph of the function
f:

2. Vertical asymptotes: given a rational function of the type q(x) = p(x)
d(x) ; if

c is a zero for d(x) we say x = c is a vertical asymptote for the graph of q

Finding horizontal asymptotes

1. Given a rational function q(x); if the degree of the numerator is bigger than
the degree of the denominator, the graph of q has a horizontal asymptote
at y = 0

2. Given a rational function q(x); if the numerator and the denominator
have the same degree, the graph of q has a horizontal asymptote at y = a

b ;
where a is the leading coe¢ cient of the numerator, and b is the leading
coe¢ cient of the denominator

3. If the degree of the numerator is bigger than the degree of the denominator,
the graph of the rational function has no horizontal asymptote.
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Section 3.6 Additional insights into rational functions

Oblique and non linear asymptotes

1. If a rational function q(x) = n(x)
d(x) reduce to its simplest form, and if the

polynomials n(x); and d(x) share a common factor such as x � c; the
graph of the rational function q(x) will have a removable discontinuity
at x = c: In a sense, the discontinuity can be repaired or "removed" by
cancellation.
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p(x) = (x�1)2(x+1)
(x�1)(x+3)

2. Given the graph of a rational function q(x) = n(x)
d(x) in simplest form; if the

degree of n(x) is bigger than the degree of d(x); then the non linear or
oblique asympote, is the quotient of the division.
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